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Abstract

This paper is devoted to estimates of the exponential decay of eigenfunctions
of difference operators on the lattice Z" which are discrete analogs of the
Schrodinger, Dirac and square-root Klein—Gordon operators. Our investigation
of the essential spectra and the exponential decay of eigenfunctions of the
discrete spectra is based on the calculus of pseudodifference operators (i.e.,
pseudodifferential operators on the group Z" with analytic symbols), and the
limit operators method. We obtain a description of the location of the essential
spectra and estimates of the eigenfunctions of the discrete spectra of the main
lattice operators of quantum mechanics, namely: matrix Schrédinger operators
on Z", Dirac operators on Z> and square root Klein—~Gordon operators on Z".

PACS numbers: 63.10.+a, 63.22.Gh
Mathematics Subject Classification: 39A47, 47B39, 81Q10

1. Introduction

Exponential estimates of solutions of elliptic partial differential equations in general, and of
the Schrodinger equation in particular, are a classical and central topic of analysis. There
is an extensive bibliography devoted to this problem (see [1, 2, 10, 12—14], for instance).
Exponential estimates of solutions of pseudodifferential equations are considered in [22, 27,
28, 31, 34, 35]. In [40, 41], the authors proposed a new approach to exponential estimates
for partial differential and pseudodifferential operators which is based on the limit operators
method, as developed in [42].

1751-8113/09/385207+21$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/42/38/385207
mailto:vladimir_rabinovich@hotmail.com
mailto:roch@mathematik.tu-darmstadt.de
http://stacks.iop.org/JPhysA/42/385207

J. Phys. A: Math. Theor. 42 (2009) 385207 V S Rabinovich and S Roch

We consider difference operators of the form

A= Z ao Vs (1)

aeM

acting on the space [>(Z", CV) of squared integrable functions on the lattice Z" with values
in CV. In (1), M is a finite subset of Z", the a, refer to operators of multiplication by
matrix-valued functions in [*°(Z", CN>*V), and (V,u)(x) = u(x — «) is the operator of shift
by ¢ € Z". The main aim of the present paper is the relation between the location of the
essential spectrum of the operator A and estimates of the exponential decay of eigenfunctions
of discrete spectrum of the operator A. The essential spectrum of operators of the form (1)
and of more general operators, belonging to the Wiener algebra on Z", was examined by the
authors in the book [42] by means of the so-called limit operators method, see also the related
papers [37-39].

Spectral problems for difference operators (1) arise in many physical problems. We will
focus our attention on a model from solid state physics, viz. the harmonic vibrations of atoms
of infinite crystals (phonons). First consider the cubic crystal modeled by the lattice Z" (for
details see [5, chapter 22], [8, chapter 5] and [23, chapter 5]).

Let u(x,t) = (u'(x, 1), u*(x, t), u?(x, t)) denote the deviation of the particle located at
x € Z" from its equilibrium position at the moment 7. The equation of harmonic vibrations of
the atomic lattice Z" can be written as

mii(x,1) = = a, (x)(Vyu)(x, 1) +ap(x)u(x, 1), reR,xe?", (2)
yell

where I' is the set of the vectors +y; := (0,...,£1,...,0) with £1 standing at the jth
position and j = 1,...,n. Further, m > 0 is the atomic mass of the particles, a, (x) =
(ay ()c))?j=1 is the matrix of interaction between the atom located at the point x and its
adjacent atoms at the points x & y; fork = 1, ..., n, and ag(x) := diag (a} (x), a3 (x), aj (x))
is a diagonal matrix describing the external forces acting on the particle x. We suppose
that m, a; and a; belong to I°°(Z"). Under the conditions a”,, (x) = a@;'(x + y), the a are
real-valued functions, and the operator

A:—ZayVy+ao 3)

yel

is a self-adjoint operator on a Hilbert space 1>(Z", C3) = ZZ(Z”) ® C3. As usual, we will
seek solutions of equation (2) of the form u(x, ) = v(x)e . For the definition of the
eigen-frequencies w and normal modes v,, of equation (3) we consider the spectral equation

Av = —\v, A =mao’. 4

If m, a,, and ay are independent of x, then the operator A does not have eigenvalues. Then the
spectrum of A is continuous, and it is given by the dispersion equation

det [ Y a, e —ag— AE; | =0, £ el0,2n], A = ma?.
yell

If the matrices ag and a,, depend on x € Z", then the spectral problem (4) turns out to be much
more complicated, since now the spectral properties of the operator A depend essentially on
the structure of the matrices a, and ay. In particular, there may be a finite or infinite sequence
of eigen-frequencies wy, wy, . .. with corresponding normal modes v (x), v2(x), .. .. Hence,
in this case, equation (2) has solutions of the formu ; (x, t) = e lost vj(x) withv; € 1?2z, C3).

2
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We shall see that the v; are actually exponentially decreasing at infinity and we derive estimates
which describe the decrease. By

In the simplest case of an isotropic interaction matrix of the form a;f (x) = b(x)8Y where
8 =1ifi = jand 6 = 0if i # j (= the Kronecker matrix), the operator A is a diagonal
operator on [?(Z", R?) of the form

A= bZ(vyj+v_yj)+ao E; 5)
j=1

with real-valued functions » and ay and 3 x 3-identity matrix E3. The operator (5) can be
viewed as the lattice analog of the Schrodinger operator on R". Operators of this kind arise
in many other physical problems, for instance, in the tight-binding approximation in solid
state physics (see, for instance, [9, 21, 29, 30]), in the Andersen tight binding localization
problems (see [15, 16, 47, 49] and others), and in the investigation of spectral properties of
carbon nanostructure (see [17] and the literature cited there). Different aspects of the spectral
theory of discrete Schrodinger operators are also considered in [3, 4, 19, 20, 47, 53, 54].

Previously, discrete Dirac operators also attracted much attention. They were used,
e.g., in comparative studies of relativistic and nonrelativistic electron localization phenomena
[6], in relativistic investigations of electrical conduction in disordered systems [46], in the
construction of supertransparent models with supersymmetric structures [50], and in relativistic
tunneling problems [45].

Our approach to study essential spectra and the exponential decay of eigenfunctions is
based on the calculus of pseudodifference operators (i.e., pseudodifferential operators on the
group Z") with analytic symbols as developed in [37], and the limit operators method (see
[42] and the references cited there).

The paper is organized as follows. In section 2 we recall some auxiliary facts on the
pseudodifference operators with analytic symbols on Z", limit operators, essential spectra and
the behavior of solutions of pseudodifference equations at infinity.

In section 3 we consider the discrete Schrodinger operators on /%(Z", C) of the form

n
(Hu)(x) = Z (Vek — ei“k(x))(V_ek - e_i“k(x))u(x) + ®(x)ux),
k=1
where V,, is the operator of shift by e, the a; are real-valued bounded slowly oscillating
functions on Z", and ® is a Hermitian slowly oscillating and bounded matrix function on Z".
We show that the essential spectrum sp., H of H is the interval

n
SPess H = U [)»i}lf, )»juP + 4n],
j=1

where

A= liminf A (@ (x)), 257 = limsup & (@ (x))
xX—>00 X—00

and where A ;(®(x)) are the increasingly ordered eigenvalues of the matrix @ (x), i.e.
A(@(x)) < Aa(P(x)) <+ < An(DP(x))

for x € Z" large enough. Note that sp., H does not depend on the exponents ay, and that
there is a gap (Aj.uP +4n, )Jj“fl) in the essential spectrum of H if Aiup +4n < )\‘J.“Jfl.

We also obtain the following estimates of eigenfunctions belonging to points in the discrete
spectrum of H. In each of the cases
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o & € (A" +4n, A¥)) is an eigenvalue of H and

L (min {3 = 25P =20, A0 — A +2n)
2n '

0 <r <cosh™

e A > A\’ +4n is an eigenvalue of H and

A=Ay —2n
0 <r <cosh™! (N—) ,
2n
e 1 < A is an eigenvalue of H and
Af %+ 2n
0 <r < cosh™! (1—> ,
2n

every A-eigenfunction u of H has the property that e”*lu e 17(Z", CV) forevery 1 < p < oo.

In section 4 we introduce self-adjoint Dirac operators on the lattice Z° with variable slowly
oscillating electric potentials. In accordance with the general properties of Dirac operators on
RR? (see for instance [7, 511), the corresponding discrete Dirac operator on Z> should be a self-
adjoint system of first-order difference operators. We are going to construct three-dimensional
Dirac operators with this property following an idea proposed in [32, 33] for the construction
of Dirac operators on Z. Thus, we let

D :=Dy+edE,, (6)
where
Dy := chdyy* + *my”°,
Eyis the N x N unit matrix, the yk with k = 0, 1, 2, 3 refer to the 4 x 4 Dirac matrices, the
dy:=1—-1V,, k=1,2,3

are difference operators of the first order, 7 is Planck’s constant, c is the speed of light, m and
e are the mass and the charge of the electron and, finally, ® is the real electric potential. The
operator D, acting on [2(Z*, C*), can be considered as the direct discrete analog of the Dirac
operator on R?, but note that D is not self-adjoint on [*(Z*, C*). To force the self-adjointness,
we consider the ‘symmetrization’ D := Dy + e® 1 of D with

(0 Dy
el )

which acts on I2(Z*, C®). The operator I is self-adjoint, and

D2 — (hzczl" +m?cE, 0
0= 0 (BT +m2cHEL )’

where 712¢’T + m?c* is the lattice Klein-Gordon Hamiltonian with Laplacian
3 3
D= dide =Y I = Vo, — V}).
k=1 k=1
We prove that the essential spectrum of I is the union

SPess D = [eCDi“f — V12R%C2 + m2c?, e ®P — mcz]
U [eCDi“f +mc?, e® + v 127%¢2 + m2c4],
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where
&M := liminf ® (x), O ;= lim sup P (x).

X—>00 X—00

Again we observe that if e®"? — e®™ < 2mc?, then the essential spectrum of ID has the gap
(eDP — mc?, e®™ + mc?).

We also obtain the following estimates of eigenfunctions of the discrete spectrum. Let A
be a point of the discrete spectrum, and let A and r > 0 satisfy one of the conditions

o L€ (e —mc?, e + mc?) and
mzﬂw—nmxue¢mf—xg%(e@ﬂm-xﬁ}+6h%2)
6h>c2

3

O0<r <cosh_1<

o A > e® +/12h%¢2 + m2c* and
(e — 1)2 — m2c* — 6h202) )
6h2c? '

O0<r <cosh1(

o A < ed™ — V12%¢2 + m2c* and
(gq)inf _ )»)2 _ m2c4 _ 6h262)
6h*c? '

O0<r <cosh_1(

Then every A-eigenfunction u of the operator I satisfies e'¥lu e [P(Z*, C®) for every
p € (1, 00).

In section 5, we consider the lattice model of the relativistic square root Klein-Gordon
operator as the pseudodifference operator of the form

K =V 2R°T + m2c* + ed

on [>(Z"). We determine the essential spectrum of X and obtain exact estimates of the
exponential decay at infinity of eigenfunctions of the discrete spectrum.

2. Pseudodifference operators, essential spectra, and exponential estimates

2.1. Some function spaces

For each Banach space X, B(X) refers to the Banach algebra of all bounded linear operators
acting on X. For 1 < p < oo, we let 17 (Z", cV ) denote the Banach space of all functions on
Z" with values in C" with the norm

LA oy = D I @2 < 00 if p < oo,

xez"

||f||1oo(Z",(cN) = sup || f(xX)|lcv < 00.
xe Z"

The choice of the norm on C" is not of importance in general; only for p = 2 we choose the
Euclidean norm (such that [2(Z", CV) becomes a Hilbert space and B (CYYa C*-algebra in the
usual way). Given a positive function w on Z", which we will call a weight, let [7(Z", CV, w)
stand for the Banach space of all functions on Z" with values in C" such that

117 ||117(Z",(:N,w) = |lwu ||117(Z",<CN) < Q.

Similarly, we write [*°(Z", B(C")) for the Banach algebra of all bounded functions on Z"
with values in B(C") and the norm

I f ez ey = sup L f () llgeyy < o0
xezZ"
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Finally, we call a function a € [*°(Z", B(CM)) slowly oscillating if
Tim Jla(x +3) = a() vy =0

for every point y € Z". We denote the class of all slowly oscillating functions by
SO(Z", B(C")) and write simply SO(Z") in case N = 1.

2.2. Pseudodifference operators

Consider the n-dimensional torus T" as a multiplicative group and let

1 \"dt-...-dt, 1 \"dt

du=(—) ———L=(—=) —

2mi ooty 2mi t

denote the corresponding normalized Haar measure on T".

Definition 1. Let S(N) denote the class of all functions a = 7" x T" — B(CN) with
lal == sup loa(x, t)||B((CN) < 00 (8)
(x,0)eZ" xT",|a| <k
for every non-negative integer k, provided with the convergence defined by the semi-norms
|alx. To each function a € S(N), we associate the pseudodifference operator

(Op (@)u)(x) := /

T
which is defined on vector-valued functions with finite support. Here, il refers to the discrete
Fourier transform of u, i.e.,

at) = Z u()r, teT".
xezn

We denote the class of all pseudodifference operators by O PS(N).

a(x, ()" du(r), xelZ”, 9)

Pseudodifference operators on Z" can be thought of as the discrete analog of
pseudodifferential operators on R" (see for instance [48, 52]); they can be also interpreted as
(abstract) pseudodifferential operators with respect to the group Z". For another representation
of pseudodifference operators, we need the operator V,, of shift by &« € Z", i.e. the operator
V, on [7(Z", CY) which acts via

(Vou)(x) = u(x — o), xeZ".

Then the operator Op (a) can be written as

Op(a) =Y ayVa. (10)
aeZ”

where
ag (x) ::/ a(x, H)r* du(t).
i

Integrating by parts we obtain

etz sy < Clala(1+leel) ™2, (1D
whence
0P @ llwzr ey == D ldallime sery < oo (12)
aeZ"

We thus obtain that the pseudodifference operator Op (a) belongs to the Wiener algebra
W(Z", C") which, by definition, consists of all operators of the form (10) with norm (12). It

6
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is an immediate consequence of this fact that all operators Op (a) in O PS(N) are bounded
on [7(Z", CV) for all p € [1, co]. Moreover, since the algebra W (Z", C") is inverse closed
in BUP(Z",C")), the spectrum of Op(a) € OPS(N) is independent of the underlying
space [”(Z",CV). For details on the Wiener algebra and pseudodifference operators, see
sections 2.5 and 5.1 in [42]. Also the following facts can be found there.

The operator (9) can be also written as

Op(@u(x) = Y /T ale, D u(y) du o),

yezZ"
which leads to the following generalization of pseudodifference operators. Let a be a function
on Z" x Z"" x T" with values in B(C") which is subject to the estimates
lal, =: sup ”Bt"’a(x,y,t)Hch) < 0 (13)

(x,y,1)€Z" XZ" xT",|a| <k

for every non-negative integer k. Let S;(N) denote the set of all functions with these properties.
To each function a € S;(N), we associate the pseudodifference operator with double symbol

Opg @) = 3 [ ate. v, 0 o, (14)

yeZ"

where u : Z" — C" is a function with finite support. The right-hand side of (14) has to be
understood as in (5.6) in [42], which is in analogy with the definition of an oscillatory integral
(see [48] and also section 4.1.2 in [42]). The class of all operators of this form is denoted by
OPS,4(N).

The representation of operators on Z" as pseudodifference operators is very convenient
due to the fact that one has explicit formulae for products and adjoints of such operators. The
basic results are as follows (see propositions 5.1.4, 5.1.5 and 5.1.7 in [42]).

Proposition 1. (i) Let a,b € S(N). Then the product Op (a)Op (b) is an operator in
OPS(N), and Op (a)Op (b) = Op (c) with

c(x,t) = Z / a(x,tt)b(x +y, )tV du(r), (15)
yezZ" T
with the right-hand side understood as an oscillatory integral.
(ii) Let a € S(N) and consider Op (a) as acting on [P (Z", CN) with p € (1, 00). Then the

adjoint operator of Op (a) belongs to O PS(N), too, and it is of the form Op (a)* = Op (b)
with

b(x,t) = Z fT a*(x +y, 1)t du(r), (16)

yez"

where a*(x, t) is the usual adjoint (i.e., transposed and complex conjugated) matrix.
(iii) Let a € S4(N). Then Op, (a) € OPS(N), and Op, (a) = Op (a*) where

Fx,t) = ST Vdp ().
a’(x,t) Z/ﬁ;‘”a(x+y tt)t Vdu(r)

yeZ"
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2.3. Limit operators and the essential spectrum

Recall that an operator A € B(X) is a Fredholm operator if its kernel ker A = {x € X : Ax =
0} and its cokernel coker A = X/(AX) are finite-dimensional linear spaces. The essential
spectrum of A consists of all points A € C such that the operator A — A/ is not a Fredholm
operator. We denote the (usual) spectrum and the essential spectrum of A by specyA and
SPess X A, respectively.

Our main tool to study the Fredholm property is limit operators. The following definition
is crucial in what follows.

Definition 2.  Let A € B(I?(Z",CN)) with p € (1,00), and let h : N — 7" be a
sequence which tends to infinity in the sense that |h(n)] — oo as n — oo. An operator
A" e BUP(Z", CN)) is called a limit operator of A with respect to the sequence h if

S-1im, 00 Vo) A Vi = A" and - s-1imy, s 0o Vo) A* Vimy = (A",

where s-lim refers to the strong limit. Clearly, every operator has at most one limit operator
with respect to a given sequence. We denote the set of all limit operators of A by op(A).

Let al be the operator of multiplication by the function a € [®(Z", B(C")). A
standard Cantor diagonal argument shows that every sequence / tending to infinity possesses
a subsequence g such that, for every x € Z", the limit

lingoa(x + g(m)) =: a®(x)

exists. Clearly, a8 is again in [*°(Z", B((CN )). Hence, all limit operators of al are of the form
a®I. Inparticular, ifa € SO(Z", B(C")), then it follows easily from the definition of a slowly
oscillating function that all limit operators of al are of the form a#I where now a® € B(C")
is a constant function.

Let Op(a) € OPS(N), and let h : N — Z" be a sequence tending to infinity. Then
V_im)yA Vi = Op (an) with a, (x) := a(x +h(m), t) . It follows as above that the sequence
h has a subsequence g such that a(x + g(m), t) converges to a limit a8 (x, t) for every x € Z"
uniformly with respect to ¢+ € T". One can prove that the so-defined function a¢ belongs to
S(N) and the associated operator Op (a¥) is the limit operator of Op (a) with respect to g.

The following theorem, which is theorem 5.2.3 in [42], gives a complete description of
the essential spectrum of pseudodifference operators in terms of their limit operators.

Theorem 1. Leta € S(N). Then, for every p € (1, 00),
SPes 7O (@ = | ] spec,Op (a®) (17)
Op (a®)€op(A)
where r € [1, 00] is arbitrary.
Since spec;Op (a®) does not depend on the underlying space, the essential spectrum

SPess 17OP (@) is independent of p € (1, 00). Hence, in what follows we will omit the explicit
notation of the underlying space in the spectrum and the essential spectrum.

2.4. Pseudodifference operators with analytic symbols and exponential estimates of
eigenfunctions

Here we introduce the notation and recall some results from section 5.3 in [42]. Forr > 1
let K, be the annulus {f € C : r~! < |t| < r}, and let K” be the product K, x --- x K, of n
factors.

8
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Definition 3. Let S (N , Kf) denote the set of all functions
a:7" x K — B(C")
which are analytic with respect to t in the domain K and satisfy the estimates

lalg = Z sup ||3fa(x’t)“5(<c”’) <>

lal<k xeZ" te K!

L ) . " .
for every non-negative integer k. With every function a € S(N,K}), we associate a

pseudodifference operator defined on vector-valued functions with finite support via (9),
and we denote the corresponding class of pseudodifference operators by O PS (N , K" )

Definition 4. Forr > 1, let W(Kf ) denote the class of all exponential weights w = exp v,
where v is the restriction onto 7" of a function © € CV(R") with the property that, for every
pointx € R" and every j =1,...,n,

A (x)

Xj

—logr < < logr. (18)

In what follows we will denote both the function ¥ on R" and its restriction onto Z" by v.
Note that it is an immediate consequence of definition 4 that if w € W(K), then w* € W(K})
forevery n € [—1, 1].

Proposition 2. Let A := Op(a) € OPS(N,K}) and w € W(K}'). Then the operator
Ay = wAw™!, defined on vector-valued functions with finite support, belongs to the class
OPS,;(N), and A,, = Op, (b) with

b(x,y,t) =a(x, e @) gy
where

L R C I PR IMCR P

and

Pav( —v)x +yy)
O, j (X, Y) :=/ 83/ vy dy.
0 Xj

Proposition 1 and (15) imply the following theorem.

Theorem 2. Leta € S(N,K) and w € W(K?). Then Op (a) is a bounded operator on
each of the spaces 1P (Z", CN, w) with 1 < p < oo.

Next we consider essential spectra of pseudodifference operators on weighted spaces. Let
a, A and A, be as in proposition 2. One can easily check that for 4 € Z"
V_n AV, = Op,(by) with by (x, y, 1) = a(x + h, e O+ py),

Let now 4 : N — 7Z" be a sequence tending to infinity. Then there exists a subsequence g of
h such that the limit operator of A,, with respect to g exists and

A5 =0p, (b%)  with b¥(x,y,1) =af(x,e® @ 1), (19)
where
ab(x,t) ;= lim a(x +g(m), t) (20)
m—0o0
and
1
0% (x,y) := lim Vu((1 —y)x+yy+g@m))dy. 21)
m—00 0

9
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The limits in (20) and (21) are understood as pointwise with respect to x, y € Z" and uniform
with respect to t € T".

Theorem 3. Leta € S(N, Kf) and w € W(K"), set A :== Op (a) and A,, := wAw™!, and
consider A as operating from 1P (7", CN,w) 10 177", CN, w) where p € (1,00). Then

PesOP@) = | J  specOp, (b%)
Op, (b%)€op(Aw)

with b$ as in (19).

Remark 1. The theorem states that the essential spectrum of an operator in O PS (N , K’,’),
considered as acting on [”(Z", CcV, w), is independent of p € (1, co), but it can depend on
the weight in general. But if the weight w = e" has the property that

lim Vv(x) =0, (22)

X—>00

then the symbol af, does not depend on the weight and, hence, the essential spectrum of
Op (a) € BIP(Z",CN, w)) with a € S(N, Kf) is independent both on p € (1, c0) and
on the weight w. Important examples of weights satisfying (22) are the power weights
w(x) = (1 +|x[*)¥/? = e2'e+1xP) with s > 0 and the subexponential weights w(x) = e®/”
where @ > O and S8 € (0, 1).

The next theorem provides exponential estimates of solutions of pseudodifference
equations.

Theorem 4. Let A = Op(a) € OPS(N, K’rl) and w € W(Kf) Suppose that
lim,_, oo w(x) = 400 and that 0 is not in the essential spectrum of Ayu : IP(Z",CN) —
17(Z", CN) for some p € (1, 00) and every . € [—1, 11. Ifu € [?(Z",CN, w=") is a solution
of the equation Au = f with f € [P(Z",CN, w), thenu € I?(Z",C", w).

Theorem 4 has some important corollaries.

Theorem 5. Let a, A and w be as in the previous theorem, and let A be an eigenvalue
of A which is not in the essential spectrum of Ay : 1P(Z",CN) — 17(Z",CN) for some
p € (1,00) and every u € [0, 1]. Then every A-eigenfunction belongs to 1?(Z", CN  w) for
every p € (1, 00).

Corollary 1. Let A = Op(a) € OPS(N, Kf) and let ) be an eigenvalue of A which is not

in the essential spectrum of A. Then every A-eigenfunction u = (uy, ..., uy) satisfies the
sub-exponential estimate
—alx|f ;
suplu; (x)| < C; e ", xelZ", i=1,...,N (23)

for arbitrarya > 0and 0 < 8 < 1.

Proof. Let w(x) = e'™ where v(x) = «|x|? withe > 0and 0 < B < 1. Then
lim,_, o Vv(x) = 0, whence Agwu = AS¢ for every limit operator A%. Let A be an eigenvalue
of A which is not in the essential spectrum of A. Then X is not in the essential spectrum
of A, for every u € [0, 1]. Hence, by theorem 5, every A-eigenfunction belongs to each
of the spaces I7(Z", CN, w) with p € (1,00). Applying the Holder inequality we obtain
estimate (23). O

We are now going to specialize these results to the context of slowly oscillating symbols
and slowly oscillating weights.

10
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Definition 5. The symbola € S (N , K”) is said to be slowly oscillating if

lim sup [la(x +y,1) —a(x, D)llgcyy) =0

X—>00 leT“
for every y € Z". We write S"(N , Kf) for the class of all slowly oscillating symbols and
OPS* (N , ]Kf) for the corresponding class of pseudodifference operators.
Definition 6. The weight w = ¢ € W(K,) is slowly oscillating if the partial derivatives 2 3—
are slowly oscillating for j = 1, ..., n. We denote the class of all slowly oscillating welghts
by W(K,).

Bv(x)

Example 1. If v(x) = y|x|, then
ify <r.

=yiiforj=1,...,n Thus,w :=e"isin W'(K,)

The next theorem describes the structure of the limit operators of the operator A,, =
wAw~lif A € OPS(N,K!) and w € W/(K,).

Theorem 6. Let A = Op(a) € OPS’ (N, K?) and w € WI(K,). Then the limit operator
AS of A, with respect to the sequence g tending to infinity exists if the limits

ag(t) = lim a(g(m), 1), 08 = lim (Vv)(g(m)) 24)
m— 00 m—>00
exist. In this case, it is of the form

A% = Op(ce) with  cg(x,t) = ag(é’,ﬁ . t). (25)

Consequently, if A and w are as in this theorem, then the limit operators A%, are invariant
with respect to shifts. This fact implies the following explicit description of their essential
spectra. Let {1 ;(A w,‘)(t)} denote the eigenvalues of the matrix a, (65, - 7). Then

N
SPeC;y (7 My Ay = U @) :teT and j=1,...,n},
whence

SPessir(zr.c¥y Awn = U U AS) () :teT" and j=1,...,n}.

Afpcop(Ayn) J=1

3. Matrix Schrodinger operators

3.1. Essential spectrum

In this section we consider the essential spectrum and the behavior at infinity of eigenfunctions
of general discrete Schrodinger operators acting on u € [2(Z", CV) by

n

(Hu)(x) =Y (Ve — @) (Vop, — e )u(x) + (), (26)

k=1
where ¢, = (0,...,0,1,0,...,0) with the 1 standing at the kth place, the @, € SO(Z")
are real valued, and ® € SO(Z", B(C")) is Hermitian. The vector a := (aj, . .., a,) is the

discrete analog of the magnetic potential, whereas & can be viewed of as a discrete analog
of the electric potential. Since the essential spectrum of H is independent of p € (1, 00), we

11
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consider the case p = 2 only. Note that our assumptions guarantee that H is a self-adjoint
operator on [2(Z", CV).
The limit operators H, of H are of the form

n
Hy =" (Vo, — 1) (Vog —e7%1) + 51
k=1

n
=Y (21 -V, — e V,,) + BE]
k=1

with the constant functions

a,‘f = mlg%o ar(x + g(m)) and [OLRES mlg%o O (x + g(m)).

Let U : I>(Z",CN) — [*(Z", C") be the unitary operator
(Uu)(x) = e "y (x), at = (@}, ..., af).

Then

U'HU =Y (21 = V_g — Vo) + ®E.
k=1

Further, the operator H g’ := U*H,U is unitarily equivalent to the operator of multiplication
by the function

Hy (1, ... W) :=4;sin2%+®g, Uy € [0, 27,
acting on L2([0, 271", CV). Hence,

N
specH, = specHé/, = U[Aj(cbg), A (%) +4n],
j=1
where the A ; (®¢) refer to the eigenvalues of the matrix ®¢. Applying formula (17) we obtain

N
SPess H = | J12j(9%), 1;(0%) +4n], 27)
g j=lI
where the first union is taken over all sequences g for which the limit operator of H exists. Let
Aj(®(x)), j =1,..., N, denote the eigenvalues of the matrix ®(x). We suppose that these
eigenvalues are simple for x large enough and that they are increasingly ordered,

M(P(x)) < A(P(x)) < -+ < AN(D(x)).
Then one can show that the functions x — X ;(®(x)) belong to SO (Z"). Let
AT = liminf A ; (P (x)), AP = Tlimsup A (P (x)).
X—>00 X—>00

Since the set of the partial limits of a slowly oscillating function on Z" is connected for n > 1
(see [42], theorem 2.4.7), we conclude from (27) that

N
SPess H = U [, 57 + 4n] (28)
j=1

for n > 1. Note that if )»j.uP +4n < )»ij?‘fl , then there is the gap (A;.up +4n, Aiﬁfl) in the essential
spectrum of H.

12
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In case n = 1, the set of the partial limits of a slowly oscillating function on Z consists
of two connected components, which collect the partial limits as x — —oo and x — +00,
respectively. Accordingly, in this case we set

)Liff’i = lximjitrgcf)»j(d)(x)), Aj.uP’i ;= limsup A, (P (x))
- x— 400
and obtain

N
st = (7 2557 +4] U [, 257 4]
j=1

3.2. Exponential estimates of eigenfunctions

Our next goal is to apply theorem 4 to eigenfunctions of (discrete) eigenvalues of the
operator H with slowly oscillating potentials. We will formulate the results for n > 1
only; for n = 1 the non-connectedness of the set of the partial limits requires some evident
modifications. According to (28), the discrete spectrum of H is located outside the set
SPess H = U;V:l [Ai}‘f, )»j.uP +4n]ifn > 1.

Let cosh™! : [1, +00) — [0, +00) refer to the function inverse to cosh : [0, +o0) —

[1,+00), i.e.,
cosh™ = log(u + /12 — 1).
Further let R* := J,_, W( K}).
Theorem 7. Let w = €' be a weight in RS with lim,_ oo v(x) = oco. Further let A be an
eigenvalue of H such that A ¢ sp. H and assume that one of the following conditions is

satisfied:

(i) thereisa j € {1, ..., N} such that A € (A;UP+4n,)\i]¥‘Jf]) and

. sup inf
lim sup Iv(x) < cosh™ min {2 - Mk +2n) (29)
X—00 Xk 2n
foreveryk =1,...,n;
(ii) & > A\" +4n and
A=A =2
lim sup osh™! <N—n>
X—>00 Xk 2n
foreveryk =1,...,n;
(iii) A < A0 and
Adnf 2 +2
lim sup < cosh™! (1—’1)
X—>00 Xk 2n

foreveryk =1,...,n.
Then every A-eigenfunction of H belongs to each of the spaces 1P(Z",CN, w) with
p € (1, 00).

13
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Proof. For n € [0, 1], let H,, := w*H'w™". The limit operators H{f# — MLE are unitarily
equivalent to the operator of multiplication by the matrix function

M) = [ =2 "cos (Y; +iub) +2n — A | E + ¢
j=1
where
d
V=W U €10,27  and 6% = tim 228
J m— 00 axj

Note that

R(HE. () = | -2 Zcos ¥, cosh Meg,j +2n — A | E + 08,

j=1

where 95), j= (%)g It is easy to check that condition (29) implies that A ¢ spec HZ,
for every limit operator H,iM of H,: and every u € [0, 1]. Hence, by theorem 5, every
A-eigenfunction belongs to [ (Z", CV, w) forevery 1 < p < oo. (|

Corollary 2. In each of the following cases

(i) X € ()»j-up+4n,)»i}f1)f0rsomej e{l,...,N}and

j+1

2n

0 - (min{/\—xj”p—zn,x"“f —k+2n}>
< r < cos - ,

sup

(i) A > ANP +4n and 0 < r < cosh™! (22221,

(iii) A < A and 0 < r < cosh™! (52421,

every A-eigenfunction of H belongs to 1P (Z", CN, "D for eachp € (1, o0).

Remark 2. In the case of the scalar Schrodinger operator (26) with ® € SO(Z"), we have
P H = [®F, &SP 4 4]

with & = liminf, .o ®(x) and ®** = limsup, . ®(x). If one of the following
conditions holds for an eigenvalue A of H:

()2 > ®+4nand 0 < r < cosh™" (2=22=2) or

(i) » < ®" and 0 < r < cosh™! (%), then every A-eigenfunction ofH belongs to
172", CN, e’ for each p € (1, 00).

4. The discrete Dirac operator

4.1. The essential spectrum
On/ 2(Z3, (C4), we consider the Dirac operators
D:=Dy+edl and Dy = chdkyk + c2my0, (30)

14
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where the yk, k=0,1,2,3, refer to the 4 x 4 Dirac matrices, i.e., they satisfy

yIvE vty =28,y 31
for all choices of j, k =0, 1, 2, 3 where E, stands for the 4 x 4 identity matrix. Further,
dy :=1-1YV,, k=1,2,3

are difference operators of the first order, 7 is Planck’s constant, c is the light speed, m and e
are the mass and the charge of the electron, and & is the electric potential. We suppose that
the function @ is real valued and belongs to the space SO (Z>).

It turns out that the operator D is not self-adjoint on I*(Z>, C*). Therefore we introduce
self-adjoint Dirac operators as the matrix operators

0 D
D =Dy + edI with D := (D* OO) ,
0

acting on the space /2(Z, C®) (i.e., I refers now to the identity operator on that space). First
we are going to determine the spectrum of Dy. It is

L) 0 )

0 L (32)

Dy — A1)y + AI) = (

where £(1) = 12T + (m2c* — A%)I, and

3 3
D= dide =Y 2=V, = V})
k=1 k=1

is the discrete Laplacian with symbol
3

P(p) =1, 02, 03) = ) (2 —2cos ), i €10, 2n].
k=1

Similarly, we denote by Iﬁ)o((p) and £, ¢) the symbols of the operators Dy and L(1),
respectively. Then

Do(p) — AEg)(Do(g) + AEs) = L(, ¢)Es (33)

with the scalar-valued function

3
L, @) =hc? 2(2 —2cos gg) +m>ct — A%
k=1

We claim that A € spec Dy if and only if there exists a ¢y € [0, 271 such that £(2, ©o) = 0.
Indeed, let A € spec Dy. Then there exists a ¢y € [0, 27 ]? such that det(Dy(¢y) — LEg) = 0.
Hence by (33) L, ¢o) = 0. Conversely, if L, o) = 0, then it follows from (33) that

(Do(po) — 2Es)(Do(go) + LEg) = 0.

Hence, det(Do(goo) — AEg) = 0, whence A € spec .
Since the equation L, ¢) = 0 has two branches of solutions (spectral curves), namely

ri(p) = £/R%2T (@) + m2c?, v €[0,277°,

the spectrum of Dy is the union
specDy = [—\/ 1272¢2 + m2c4, —mcz] u [mcz, Vv 12R%c? + m2c4].

Our next goal is to determine the essential spectrum of D = Dy + e®/. All limit operators
of D are of the form D¥ = Dy + e P where ®¢ = lim;_, o P(g(;)) is the partial limit of P

15
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corresponding to the sequence g : N — Z? tending to infinity. By what we have just seen,
this gives

specD$ = [ed:'g — V12122 + m2c?, e®8 — mcz]
U [ecbg +mc?, e®® +V 12122 + m2c4].
Since spy, D = Ugspec D¥ we obtain
$PessD = [e®@™ — V121%c2 + m2cH, e — mc?]
U [eCIDi“f +mc?, e @ + vV 12h%c2 + mzc4],
where

@™ := liminf @ (x) and ™ := lim sup P (x).

X—>00 X—>00

In particular, if e(®*%? — &™) < 2mc?, then the interval (e®**P — mc?, e®™ + mc?) is a gap
in the essential spectrum of D.
4.2. Exponential estimates of eigenfunctions

The following is the analog of theorem 7.

Theorem 8. Let A ¢ sp. DD be an eigenvalue of D : 7Z3,CY — 17z, C® with
p € (1, 00). Assume further that the weight w = e’ is in R*' and that lim,_, o, v(x) = oo. If
one of the conditions

(i) » € (D™ — mc?, ed™ + mc?) and, forevery j =1,2,3,

2.4 cI)i“f—A 2’ @Sup_)\‘Z +6h2 2
lim sup < cosh™! (m ¢’ — max{(e )2 (e )} ¢ ), (34)
X—00 Xj 6h-c?
(ii) & > e + vV 12h%c2 + m2c* and, for every j = 1,2,3,
9 @sup_)"Z_ 24_6h22
lim sup v(x) < cosh™! ((e ) 2m ¢ < ) , (35)
X—00 8Xj 6h-c?
(iii) A < e®™ — V12h%c2 + m2c* and, for every j = 1,2, 3,
P cbinf_)LZ_ 24—6h22
lim sup v(x) < cosh™! ((e ) 2m ¢ ¢ ), (36)
X—00 3)(]' 6h-c?

is satisfied, then every A-eigenfunction of the operator I belongs to 1”(Z*, C¥, w) for each
p € (1, 00).

Proof. We will prove the assertion in case condition (i) is satisfied. The other cases follow
similarly. Further, since the essential spectrum of D and the spectra of the associated limit
operators do not depend on p, we can assume that p = 2 in this proof.

Let condition (34) hold, and let A be an eigenvalue in the gap (e®*P — mc?, e®™ + mc?)
of the essential spectrum. In order to apply theorem 4 to determine the decaying behavior
of the associated eigenfunction u,, we need estimates of the spectrum of the limit operators
(Dy)® of D e := w*Dw ™ for u € [0, 1]. The limit operator (w* V,, w™#)¢& of w V, w™*
is of the form

_ (s
(w" Ve w “)g = e M) Ve,
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Hence,
(Dyr)8 = ch “(m Vk) +mc?y’ + e®CE,, (37)
w\8 _1; dv(g(m))
where (E) = lim,, o0 a2
LetD’ = Dy —e®1. The identity (37) implies that (]D)lfu —Al ) (D;ﬁu +Al ) is the diagonal
matrix diag (F F) with
=12TE, + (mct — (e®® — M)H)I

and
3

(v o
P = Y a1 -, )
k=1
The operator '8, is unitarily equivalent to the operator of multiplication by the function
3

A aS 8 g
P5(0) =15 (01, g2, 03) =Y (2 —2cos (‘”k i (a_;,) >>

k=1
acting on the space L*([0, 27r]%). Note that

3
v 8
RIS, (9) =6—2 Z cos @y cosh (8xk> .

j=1
Hence, and by condition (34),
KM, (@) + mPc* — (e®8 — 1)) #0 (38)

for every sequence g defining a limit operator and for every u € [0, 1]. The property (38)
implies that A ¢ spec D, for every limit operator D%, and every u € [0, 1]. By theorem 4,
every A-eigenfunction belongs to 17 (Z*, C%, w) for every p € (1, c0). ]

For the important case of the symmetric weight w(x) = e"*!, we obtain the following
corollary of theorem 8.

Corollary 3. Let ) be an eigenvalue of D : 1P(Z*, C®) — 17(Z>, C®). If one of the conditions
(i) » € (6P — mc?, ed™ + mc?) and

2¢* + 6h2c? — max{(e®™ — 1)2, (e®*P — A)z})
6h>c? ’

0 <r < cosh™! (m

(ii) & > e®P + v 121%c2 + m2c* and
(ed%P — 1)% — m2c* — 6h2c2>
6h?c2 ’

O<r <cosh1(

(iii) 1 < e®™ — V121%c2 + m2c* and
1 (eCI)i"f — )2 —m3c* — 6h%c?
( 6h*c2 ) ’
is satisfied, then every A-eigenfunction of the operator D belongs to 1P(Z3, C3, e’) for every
p € (1, 00).

0 < r < cosh
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5. The square-root Klein—-Gordon operator

5.1. The essential spectrum
Here we consider the square-root Klein—-Gordon operator on [?(Z"), that is the operator
K = V22T + m2c* + e®,
where m > 0 is the mass of the particle, & > 0 is Planck’s constant, ¢ > 0 is the light speed,
® € SO(Z") a scalar potential, and
P=>Y @IV, -V})
j=1

is the discrete Laplacian on Z". The operator Ko := v/ ¢2h*T" + m2c* is understood as the
pseudodifference operator with symbol

k(t) =/ 2R*T () + m2c* € S,

where ['(7) = Z;f:l 2-1— rj_') att = (11, ..., 1,). Let
F(p) :=T(¥) =) (2 —2cosg)), ¢ =(¢1,..., o) €10,27]".
j=1

Every limit operator of K is unitarily equivalent to an operator of multiplication by a function

of the form
K8 () = /20’ (@) + m2c* + ed® with ®f e R
acting on L2([0, 27]"). Thus,
specK® = U [mc2 +e®%, Vanc?h? + m2ct + edf],
g

where the union is taken with respect to all sequences g tending to infinity such that the partial
limit ®¢ := lim,, o ©(g(m)) exists. Consequently,

SPess K = [m02 +e®™ Vanc2h? + m2ct + e®™P].
5.2. Exponential estimates of eigenfunctions
Theorem 9. Let A be an eigenvalue of the square-root Klein—-Gordon operator K such that

A ¢ Spe K, and let w = eV be a weight in R*" with lim, ., v(x) = oo. If one of the
conditions

(i) & > e®P + v4nh>c? + m2c* and

9 2.4 OSUWP _ ) 2 +2 hZ 2
lim sup U(%) <cosh™! [ 1€ (e 3 2) ), (39)
X—>00 3)61 2nh*c
(ii) » < e®™ — VAnh?c? + m2c* and
P 2.4 _ cDinf — A 2 +2 h2 2
lim sup v(%) <cosh™! [ L€ (e 3 2) 7). (40)
X—00 8)61 2nh-c

is satisfied, then every A-eigenfunction of K belongs to 1P (Z", w) for every p € (1, 00).
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Proof. The proof proceeds similarly to the proof of theorem 8. It is based on the following
construction. Let w = e” € R*". Then the limit operator K, is unitarily equivalent to the
operator of multiplication by the function

K8, () = \/C2h21:‘(g0 +i(Vv))8 + m2c* + e®?

acting on L2([0, 27]". Hence,

L8, 0): = (K8 (p) — x)(\/ ARPT (¢ +1(Vv)8 + m2c* — (e®f — 1))
= PR (@ +1(V)8 +m>c* — (e®® — 1)2,
and
n 8 g
R(L (@, M) = *h® Z <2 — cos ¢; cosh <8—U) ) +m?ct — (e — 1)2.
T
j=1 !

Note that R(LS . (¢, 1)) # 0 for every A satisfying condition (i) or (if). Hence, A ¢ Spog, Ky

wh

forevery u € [0, 1]. Thus, by theorem 4, every A-eigenfunction belongs to the space /” (Z", w)
for all p € (1, 00). U
Specifying the weight in the previous theorem as w(x) = ¢’*!, we obtain the following.
Theorem 10. Let A be an eigenvalue of K such that A ¢ sp. K. If one of the conditions
(i) A > e® + v4nh*c? + m2c*] and
m2ct — (edP — 12 + 2nh202>
2nh2c? '

O0<r <cosh_1<

(ii) A < e®™ — V4nh%c? + m2c* and

m2c* — (ed™ — 12 + Znhzcz)

0 <r < cosh™
( 2nh%c?

is satisfied, then every M\-eigenfunction of K belongs to the space IP(Z",e"™!) for every
p € (1,00).
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